Trait-mediated indirect effects are increasingly acknowledged as important components in the dynamics of ecological systems. The hamiltonian form of the LV equations is traditionally modified by adding density dependence to the prey variable and functional response to the predator variable. Enriching these non-linear elements with a trait-mediation added to the carrying capacity of the prey creates the dynamics of critical transitions and hysteretic zones.
It is evident that as R--> 0, d(lnR)/dt --> r, and for any R > 0, d(lnR)/dt < r by a factor of r/K. In ecology the two parameters r and K are referred to as the intrinsic rate of natural increase (herein, the intrinsic rate), and the carrying capacity, respectively. Herein we refer to r/K as the discount rate, for obvious reasons. whence it is evident that this classic form effectively assumes that the predator acting on the system is introduced through the intrinsic rate. There is, of course, no reason why the predator could not operate through the discount rate instead (or in addition to). For example, if the presence of the predator induces the prey to find more places to hide, or stimulates it to seek food at a higher rate, the introduction of the predator into the system can be taken as acting through the discount rate. Ecologically speaking we can formulate this obvious factor by making the carrying capacity an increasing function of the predator, and equation 4 becomes, represents two effects of the predator, one "direct" effect (parameter a) and one "indirect" effect (parameter k, which we assume is positive --a negative k does not give interesting results and will not be discussed). The indirect effect here is almost certainly a result of some modification of a "trait" of the prey (e.g. the ability to locate predator-free space) and is thus, in the current terminology popular in ecology, a "trait-mediated indirect effect" (effectively equivalent to the older usage of "higher order effect"). A concrete example is the classical ant/hemipteran mutualism (Zhang et al., 2012) wherein the ant is ultimately a predator of the hemipteran (either directly by consuming, or indirectly by extracting energy from the honeydew secreted by the hemipterans), yet allows the hemipterans to build up very large populations by protecting them from other, more devastating, natural enemies such as parasitic or predatory insects. Thus, this trait-mediated effect changes equation set 2 and we arrive at:
The zero growth isoclines of system 6 are:
whence it is evident that various parameters taken as tuning parameters can produce both critical transition behavior and hysteresis. The phase plane with isoclines and vector field along with a few trajectories is illustrated in figure 1a . Since the predator isocline is R = m/a, using m as the tuning parameter, the visualization is a decreasing intercept (on the R axis) of the predator isocline. Such changes (illustrated in fig 1a) clearly result in a pattern of critical transitions embracing a zone of hysteresis (Fig 1b) . 
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Independently of any consideration of critical transitions or hysteresis, Noy Meir (1975) elaborated a graphical approach to the LV model that effectively added three nonlinear components to the basic model. In particular, the prey population was thought to be density dependent (i.e., a carrying capacity was added for the prey), the predator was thought to have a functional response (i.e., at high levels of prey, the predator becomes saturated) and the predator was thought to be dependent on its own density (i.e., some other factor in the environment, other than the prey, limited the predator population at high densities). Following Ong and Vandermeer (2018) , with M2 = m, we have, If the conditions giving rise to equations 8 are expanded to include the trait mediated conditions of equations 6, the following equations arise:
Figure 2. Exemplary graphic displays of equations 9 (in phase space with zero growth isoclines and vector fields, for various parameter values). In a, b and c, the dashed red curve indicates an unstable inset
with zero growth isoclines,
The resulting qualitative dynamics are illustrated in figure 3 . There are obviously two distinct regions of hysteresis (fig 3a and c) , qualitatively corresponding to the previous hysteretic patterns (equations 6 and 9), not surprisingly since equations 10 are a combination of the two mechanisms. Note that the sketch in figure 3d is approximate since it is a consensus of bifurcation diagrams with various values of C0 (the initiation values of C). Properly it should be displayed in 3D, but the basic qualitative nature of the diagram does not change, and it is evident from the dashed red lines (representing the separatrices of the two basins) in figs 3a and c, that the initial value of C will make a difference in the details, but the basic structure of the critical transition graph in figure  3d , will not change much. It is worth noting that the hysteretic patterns suggested in figure 3 occur at distinct points along the range of predator mortality and carrying capacity values (m), similar to that reported elsewhere (Ong and Vandermeer, 2018) . With more complicated tuning parameters such hysteretic zones can overlap.
In summary, the basic idea of a trait-mediated indirect interaction can be incorporated as a "higher order interaction" in a variety of ways. Here we explore the consequences of a framework in which the parameter corresponding to the carrying capacity of the prey species is augmented by the presence of a predator. This framing adds a nonlinear component as a divisor of one of the terms, resulting in some complicated oscillatory behavior in the basic model. The existence of critical transitions bordering hysteritic zones emerges with both trait-mediated additions and a classic functional response to the predator. Incorporating functional response along with trait mediation interestingly may result in a dual hysteretic zone, paralleling the zones that emerge from each of those nonlinearities added separately. It is worth noting that the hysteretic patterns suggested in figure 3 occur at distinct points along the range of predator mortality and carrying capacity values (m), similar to that reported elsewhere (Ong and Vandermeer, 2018) . With more complicated tuning parameters such hysteretic zones can overlap.
